A passive-polarization-based imaging system records the polarization state of light reflected by objects that are illuminated with an unpolarized and generally uncontrolled source. Such systems can be useful in many remote sensing applications including target detection, object segmentation, and material classification. We present a method to jointly estimate the complex index of refraction and the reflection angle (reflected zenith angle) of a target from multiple measurements collected by a passive polarimeter. An expression for the degree of polarization is derived from the microfacet polarimetric bidirectional reflectance model for the case of scattering in the plane of incidence. Using this expression, we develop a nonlinear least-squares estimation algorithm for extracting an apparent index of refraction and the reflection angle from a set of polarization measurements collected from multiple source positions. Computer simulation results show that the estimation accuracy generally improves with an increasing number of source position measurements. Laboratory results indicate that the proposed method is effective for recovering the reflection angle and that the estimated index of refraction provides a feature vector that is robust to the reflection angle.
Introduction
Polarization is a property of light or electromagnetic radiation that refers to the orientation of the transverse electric field. The polarization of reflected light complements other electromagnetic radiation attributes such as intensity, frequency, or spectral characteristics. This makes polarization a useful tool in many applications including material classification [1, 2] , shape extraction [3] [4] [5] , and target detection͞ recognition [6, 7] .
Early work on the utility of passive polarimetry for remote sensing applications was published by Wolff [1] . He showed that it was possible to distinguish between metals and dielectrics by recording the polarization state of specularly reflected light using a passive polarimeter. His method involves a threshold-based discrimination procedure that utilizes the polarization Fresnel ratio [1] , which is the ratio of perpendicular to parallel polarization state components. His method, however, does not directly incorporate the fundamental parameters that describe the material such as the refractive index.
Miyazaki et al. developed a method to estimate the surface normal of transparent dielectric objects by recording the polarization state of specularly reflected light [3] . Their main contribution is to use two views of the object to solve the problem of mapping the degree of polarization to the reflection angle since this correspondence is not one to one. Atkinson and Hancock utilize both specular and diffuse polarization for recovering the surface orientation of dielectric objects [8] . Unfortunately, their methods assume the index of refraction of an object is known a priori. Morel et al. have proposed a method to estimate the shape of specular metallic objects from polarization information [4, 5] . They use an approximation for the complex index of refraction to simplify the relationship between the degree of polarization and the index of refraction. This approximation enables the threedimensional surface reconstruction of metals from only a single view of the object. Specifically a "pseudorefractive index" for the object is estimated, which is in turn used to estimate the zenith angle needed for surface reconstruction. Their method, however, is applicable only to shiny or highly specular metallic objects, which limits its utility for remote sensing applications.
Fetrow et al. [9] have developed a method to determine the index of refraction of an object from longwave infrared (LWIR) polarization measurements. They have modified the well-known TorranceSparrow [10] scattering model to predict the polarization emitted from a roughened surface but their results are applicable only to measurements made in the LWIR, whereas the work presented here is applied to measurements collected in the visible range of the spectrum. In addition, our method also recovers the reflection angle, a problem not addressed by Fetrow et al. [9] .
Sadjadi [11] has proposed a method to estimate the surface normal vector from a single infrared passive polarization measurement. His method estimates the azimuthal angle from the angle of polarization while the reflected zenith or the reflection angle is recovered by solving an equation derived from Fresnel's equations. This method, however, requires either a priori knowledge or a perfect estimate of the index of refraction in order to accurately recover the reflection angle. In contrast, the method we present here accurately recovers the reflection angle without making any assumptions about the index of refraction. Furthermore, the equations developed by Sadjadi [11] assume that the objects emitting radiation have a real index of refraction while our method can also account for objects that have a complex index of refraction.
Photometric stereo [12] refers to the technique that recovers the surface orientation and hence the threedimensional shape of an object from multiple intensity [12] or color [13] images wherein the viewpoint is fixed and the direction of the illumination source is varied between successive measurements. The proposed method utilizes a similar setup to accurately estimate the reflection angle from a set of passive polarimetric images. Our method is particularly useful in scenarios where polarimetric imagery exhibits higher contrast compared with intensity and color image data [14] .
In this paper we present a method to jointly estimate the complex index of refraction and the reflection angle of specular targets from a set of passive polarization measurements made in the visible range of the spectrum. The term "reflection angle" refers to the angle between the observer, or a camera, and the object surface normal. This work generalizes our previous work [15, 16] and is applicable to a wide class of objects including dielectrics and metals. The object is modeled using the polarized microfacet bidirectional reflectance distribution function (pBRDF) model [17] where it is assumed that polarization is caused by specular scattering. It is also assumed that the position of the object is fixed while the position of the illumination source changes between measurements and that scattering occurs in the plane of incidence.
The parameters of interest are recovered using the well-known Levenberg-Marquardt method [18] , a nonlinear least-squares estimation algorithm.
A pattern classification system forms a feature vector that characterizes an object and is used by the classification algorithm to assign that object to an appropriate category. The classification algorithm relies on a priori knowledge of the object categories, often statistical in nature, in order to classify the target. Outdoor remote sensing systems that utilize imaging sensors may record intensity, spectral (multispectral and hyperspectral), and͞or polarization information. This information can be used directly to form feature vectors as part of the classifier. However, the intensity, spectral, and polarization information obtained from target reflections depends on a variety of factors including the position of the illumination source (typically the Sun in passive systems) and the viewing geometry. Consequently, the information contained in a reflection may change dramatically due to varying imaging conditions, which in turn will likely impair the performance of the classification system. Therefore, it is desirable to utilize feature vectors that describe an object but that are invariant to the various imaging conditions commonly encountered in remote sensing. In this work, we demonstrate that the index of refraction as estimated using the proposed nonlinear optimization approach is largely invariant to the position of the source and the reflection angle, thus making it a potentially useful feature vector for designing remote sensing applications that are robust to changing illumination conditions.
We note here that accurately estimating the true index of refraction, while desirable, is not strictly necessary for classification since illumination invariance and consistency are the keys here. In fact, our experimental results with laboratory data indicate that the estimates for the index of refraction for certain samples considered in this work do not match with published values. Consequently, it would be accurate to say that we estimate an effective or apparent index of refraction, which is then utilized to recover the reflection angle. Experimental results clearly indicate, however, that the recovered apparent index of refraction is sufficient for accurate reflection angle estimation.
The paper is organized as follows: Section 2 describes the assumptions used to model the problem. The polarimetric bidirectional reflectance distribution function is outlined in Section 3. An expression for the degree of polarization is derived in Section 4 and the parameter estimation algorithm is described in Section 5. We present experimental results in Section 6 and conclude the paper in Section 7. Figure 1 illustrates the observational geometry for our development. The object is assumed to be planar with a rough surface modeled as a collection of microfacets-a model referred to as the "microfacet model" in the literature [17] . i1 and i2 denote the incident zenith angles with respect to the surface normal z ជ corresponding to two different positions of the illumination source. r is the reflection angle or the reflected zenith angle with respect to the surface normal z ជ while sc1 and sc2 are the angles between the source and the camera corresponding to the two different locations of the source. We assume perfect knowledge of the source position with respect to the camera. In other words, it is assumed that sc1 and sc2 are known at the receiver. Furthermore, it is also assumed that the source is unpolarized and that the camera is fixed and in the plane of incidence. These assumptions facilitate the development of our basic method to recover the index of refraction and the reflection angle of the object under observation from multiple passive polarimetric images.
Problem Description

Polarimetric Bidirectional Reflectance Distribution Function
A bidirectional reflectance distribution function (BRDF) characterizes optical scattering from surface reflections. Figure 2 illustrates the geometry required to specify the BRDF. i , i are the incident zenith and azimuth angles, respectively, r and r are the reflected zenith (or the reflection angle) and azimuth angles, respectively. The BRDF is given by
where denotes the wavelength, L r is the radiance leaving the surface with units of watts per square meter per steradian ͓w͑͞m 2 Ϫ sr͔͒ and E is the irradiance incident on the surface with units of watts per square meter ͑w͞m 2 ͒. The BRDF has units of inverse steradians ͑sr Ϫ1 ͒. Because most materials have azimuthal or rotational symmetry about the surface normal, the azimuthal angle can be expressed as a difference ϭ r Ϫ i , which reduces the number of degrees of freedom by 1. Finally, the wavelength can be dropped because the polarization measurements are collected at a known wavelength by using a suitable spectral filter. So f͑ i , r , ͒ is used in the remainder of this paper.
The polarimetric BRDF (pBRDF) is a generalization of the scalar BRDF and is capable of modeling polarization effects. The pBRDF can be formally written as
where F is the pBRDF Mueller matrix, L r is the reflected Stokes vector, and E is the incident Stokes vector.
In this paper, we utilize the pBRDF model proposed by Priest and Meier [17] . This model can characterize the specular component of scattering for a wide variety of target materials, for example, bare metals and painted surfaces [19] , that are of interest in remote sensing applications. We present the pBRDF equations necessary for our work in Subsection 3.A and refer the interested reader to Priest and Meier [17] for additional details.
A. Polarimetric BRDF for the Microfacet Model
The microfacet model assumes that a rough surface is composed of a collection of microfacets. Each individual microfacet is assumed to be a specular reflector obeying Fresnel's equations [20] . Furthermore, any volumetric scattering is assumed to be completely depolarizing. Thus, all polarization effects in the reflected image are assumed to be caused by a single surface reflection. In other words, the light gets reflected by the object only once before reaching the observer. With these assumptions, the expression for the pBRDF Mueller matrix is given by where f jl denotes the element in the jth row and lth column of the pBRDF Mueller matrix F, m jl denotes the element in the jth row and lth column of the Fresnel reflectance Mueller matrix M, is the angle of orientation of the microfacets relative to the object surface normal, is is given by ϭ r Ϫ i , and describes the surface roughness [17] . Note that out of all the microfacets that make up the surface, only the ones oriented at the angle return light directly to the observer. The angle of orientation of the microfacets relative to the mean surface normal is given by
where
The model given by Eq. (3) includes three parameters specific to the reflecting material, namely ͑n, k, ͒, where n and k are the real and imaginary parts of the index of refraction while is the surface roughness parameter. In this paper, we assume that the amount of circular polarization in the reflected signal is insignificant, which is consistent with the general understanding of most naturally illuminated surfaces [19] . This assumption reduces F and M to 3 ϫ 3 matrices. Explicit expressions for all the elements of the Fresnel reflectance matrix M are provided by Priest and Meier [17] . (6) where we have dropped the arguments for the individual elements of M for the sake of readability. Note that element m 11 ϭ m 00 in this case. The pBRDF Mueller matrix F is therefore defined by Eq. (3) using Eq. (6).
Deriving the Degree of Polarization from the Microfacet pBRDF Model
In this section an expression for the degree of polarization (DOP) is derived for the case of scattering in the plane of incidence. The illumination source is assumed to be unpolarized, which is the case in passive remote sensing systems. Thus, the input Stokes vector is given by ͓1 0 0͔ t where t denotes the vector transposition operator. In the following we drop the arguments for the individual elements f jl for clarity. Assuming that the zenith angles for the source and the camera are i and r , respectively, the observed Stokes vector at the camera is given by 
and the degree of polarization of the observed Stokes vector is given by
implying that
which follows from Eq. (3). Using the expressions for the elements of the Fresnel reflectance matrix [17] , the expression for the DOP reduces to
where R s and R p are, respectively, the s-plane and p-plane Fresnel reflectance [19, 21] . We note here that the Fresnel reflectances are functions of the complex index of refraction and angle ␤. These parameters, in turn, are functions of the observational geometry i , r , i , and r as shown in Eq. (5). The degree of polarization given by Eq. (11) can be further simplified using Fresnel's equations. Using the notation adopted in the nonconventional exploitation factors (NEF) modeling [22] and Shell [19] , the Fresnel reflectances R s and R p are given by
The quantities A and B are defined as
with n and k being the real and imaginary parts of the complex index of refraction and ␤ being given by
from Fig. 1 . Note that 0°Յ ␤ Յ 90°because 0°Յ i , r Յ 90°. We observe from Eqs. (12)- (17) that R s Ն 0 and R p Ն 0. Furthermore, it is easily seen that
Consequently, for these definitions R s Ն R p , which in turn guarantees that the degree of polarization given by Eq. (11) is nonnegative. The degree of polarization, simplified using Eqs. (12)- (17), is given by
Complex Index of Refraction and Reflection Angle Estimation
Our objective is to recover the index of refraction and the reflection angle of an object from a set of DOP measurements. A two-step approach is adopted for parameter estimation. The first step involves estimating the complex index of refraction while the reflection angle is determined in the second step. We observe from Eq. (20) that the DOP is a function of n, k, i , and r . If sc is known, then it follows from Eq. (20) that the DOP is a function of only the index of refraction. The assumption that the phase angle sc is known at the camera is not unreasonable in many remote sensing applications given that the imaging platform is likely to have a global positioning system (GPS) onboard and is thus able to estimate the position of the illumination source-for example, the Sun-relative to its own position with high accuracy. Thus, the complex index of refraction can be estimated by using Eq. (20) to make multiple DOP measurements with the source at different positions. By collecting multiple measurements we have a system of nonlinear equations given by
where j ʦ ͕1, 2, . . . , T͖ indicates the measurement number. If T Ն 3, then Eq. (21) corresponds to an overdetermined system of nonlinear equations. Thus, the system of nonlinear equations can be recast as a nonlinear least-squares problem and can be solved using the well-known Levenberg-Marquardt method [18] . The number of unknowns in Eq. (20) reduces to two once we have an estimate for the complex index of refraction. Consequently Eq. (20) can be rewritten as
where A and B are given by Eqs. (14)- (17). The reflection angle or the reflected zenith angle is estimated from Eq. (22) again by using multiple measurements with the source at different positions. The input multiple measurements results in the following system of equations:
where j ʦ ͕1, 2, . . . , T͖. 
Experimental Results
A twofold approach is adopted to validate the estimation method presented in Section 5. First, the sensitivity of the proposed method to the number of input measurements and to measurement noise is analyzed using Monte Carlo simulations. Then, the effectiveness of the method is demonstrated with real DOP measurements collected in the laboratory. The true index of refraction (n) is 1.5 and the true reflection angle is 60°. The range of the angle of incidence is noted and is varied in steps of 5°. The variance of the Gaussian noise is 0.1% of the maximum DOP value, which is 1.0 for this case. The results are obtained from 500 Monte Carlo trials.
A. Sensitivity Analysis
Synthetic data sets for the simulation study are generated using Eq. (20) with specific input values for n and k and a fixed value of r but a sequence of values for i as described in Section 5. The sequence for i is generated in fixed steps of 5°. We chose this step size value to be consistent with our choice of step size for the laboratory experiments. We use three, five, and ten measurements for the analysis, which implies that the maximum range for the angles of incidence is 45°corresponding to the case of ten measurements. We chose this range because our experimental results as presented in Subsection 6.B indicate that the range of the specular lobe is approximately 40°for the materials used here. Our experiments with ideal synthetic data (no noise) indicate that the proposed estimation approach can accurately recover the parameters of interest for all the cases considered in our experiments. Thus, the algorithm is not affected by the number of measurements for the noiseless case. The synthetic data sets are then perturbed with additive white Gaussian noise in order to analyze the robustness of the proposed algorithm to nonideal or noisy inputs. Specifically, the noise is added to the DOP values in Eq. (20) , which are then input to the Levenberg-Marquardt solver. The analysis is performed for both a dielectric surface and a metallic surface. We consider two levels of measurement noise in our analysis: (i) a "low-noise" scenario where the DOP values are perturbed with Gaussian noise of variance equal to 0.1% of the maximum DOP value and (ii) "high-noise" scenario in which the DOP values are perturbed with Gaussian noise of variance equal to 1% of the maximum DOP value. The maximum DOP values for the dielectric and metallic surfaces are 1 and 0.082, respectively. We note here that for these noisy cases, the Levenberg-Marquardt algorithm occasionally converged to physically unrealizable estimates due to its unconstrained nature. Consequently, we discard such estimates and restart the optimization algorithm for the cases when either n or k is negative or the reflection angle is less than 0°or greater than 90°. Tables 1 and 2 show the average index of refraction n and reflection angle ͑ r ͒ estimates for the case of a simple dielectric surface. Table 1 lists the sample mean and its 95% confidence interval for the lownoise scenario. We observe that the index of refraction is estimated to a high degree of accuracy for the three cases considered. In addition, we observe that the root-mean-square error (RMSE) value for the estimates of the index of refraction improves with an increasing number of measurements. We also note that there is a dramatic improvement in the reflection angle estimate when the number of measurements is increased from 3 to 5. However, it is also clear from Table 1 that no further improvement is achieved beyond five measurements for the reflection angle because of a noise floor introduced by the additive Gaussian noise. This trend is also observed in the RMSE values for the reflection angle. Thus, we see that the accuracy of the proposed estimation method improves as we collect more measurements up to some saturation point. Table 2 shows the results for the high-noise scenario. The sample mean estimates as well as the RMSE values indicate that the estimation performance for the index of refraction improves with an increasing number of measurements. The reflection angle estimation performance also consistently improves with increasing measurements, unlike the results presented in Table 1 for the low-noise scenario. However, as might be expected, the estimates for the higher-noise scenario are less accurate compared to the low-noise case. Tables 3 and 4 list the results for a metallic surface, assumed to be copper, with the complex index of refraction given by 0.314 Ϫ i3.554 [23] . Our simulations indicate that an accurate estimation of this complex index of refraction value is generally more difficult than for the real-valued dielectric case. The results in Table 3 correspond to the low-noise case. We observe from Table 3 that the accuracy of the index of refraction estimates again improve with the number of measurements and in fact the estimates we obtain for the ten measurements case is close to the true index. This is clear from the reduction in the RMSE values as well as the sample mean estimates The true index of refraction (n) is 1.5 and the true reflection angle is 60°. The range of the angle of incidence is noted and is varied in steps of 5°. The variance of the Gaussian noise is 1% of the maximum DOP value, which is 1.0 for this case. The results are obtained from 200 Monte Carlo trials. The true index of refraction is n ϭ 0.314 and k ϭ 3.544 while the true reflection angle is 60°. The range of the angle of incidence is noted and is varied in steps of 5°. The variance of the Gaussian noise is 0.1% of the maximum DOP value, which is 0.082 for this case. The results are obtained from 500 Monte Carlo trials.
for the complex index of refraction. We note that the reflection angle is estimated to a high degree of accuracy in all three cases considered in our experiments. This is somewhat surprising but can be understood by considering the parameter estimation algorithm as a curve fitting method. Recall that the proposed estimation method first computes the index of refraction and then uses the computed value to estimate the reflection angle. Therefore, accurate reflection angle estimation requires only an apparent index of refraction that optimally fits, in the leastsquares sense, the polarization measurements with the model given by Eq. (20) . This phenomenon has been used by Morel et al. [5] to recover the reflected zenith angle for shiny or highly specular surfaces. However, their work focused on recovering geometric information from highly specular surfaces while the current work is applicable to rough surfaces. We also observe from Table 3 that the RMSE values for the reflection angle estimates do not improve with more measurements, which occurs due to a noise floor introduced by the additive Gaussian noise. Table 4 lists the simulation results for the metallic surface for the high-noise case. We observe from Table 4 that the accuracy of the index of refraction estimation again improves with the number of measurements. However, the estimate of the index of refraction obtained for ten measurements is still far from the true index. As a result, we consider a fourth case where we almost double the number of measurements from 10 to 19 in order to study the behavior of the proposed estimation method. In this case, we are forced to reduce the step size of the angles of incidence from 5°to 2.5°in order to satisfy our assumption about the width of the specular lobe. We observe from Table 4 that the estimated index of refraction moves even closer to the true index. This indicates that the performance of the estimation algorithm increases with the number of measurements and that the algorithm appears to eventually converge to the true value as we increase the number of measurements. This trend is also confirmed by the RMSE values for the index of refraction, which decreases with the increasing number of measurements. We also observe from Table 4 that the reflection angle is estimated to a high degree of accuracy as was also the case for the low-noise scenario. This is clear from the sample mean of the reflection angle and its 95% confidence intervals presented in Table 4 . However, no clear trend emerges from the RMSE values as we vary the number of measurements. In fact the RMSE values indicate that no further improvement in the accuracy of the reflection angle is possible beyond ten measurements.
The above results suggest that the estimation accuracy of the nonlinear estimation approach improves with an increasing number of measurements up to some saturation point. In addition, the results for the metallic surface suggest that the proposed method can recover the reflection angle accurately even with inaccurate estimates of the index of refraction. The results presented above also indicate that the accuracy of our proposed estimation approach depends on the level of measurement noise. Although not noted in the above discussion, we mention that the Levenberg-Marquardt solver requires a good initial estimate for an accurate reflection angle estimation, which is generally the case with all iterative descent algorithms. We caution, however, that the presented results are from a limited study and a comprehensive analysis of the proposed algorithm is a part of our ongoing work.
B. Results with Laboratory Data
Polarization image samples of several material samples are collected with an imaging polarimeter developed by the Electro-Optics Research Laboratory (EORL) at New Mexico State University [24] . The EORL polarimeter consists of a linear polarizer mounted in a computer-controlled rotation stage, a spectral filter (center wavelength of 650 nm and a bandwidth of 80 nm for the results shown here), and a scientific-grade camera. A tungsten filament lamp is used as the source of illumination in our experiments. A single Stokes vector image is formed from The true index of refraction is n ϭ 0.314 and k ϭ 3.544 while the true reflection angle is 60°. The range of the angle of incidence is noted and is varied in steps of 5°. Note that the step size reduces to 2.5°for the case of 19 measurements (see text for explanation). The variance of the Gaussian noise is 1% of the maximum DOP value, which is 0.082 for this case. The results are obtained from 200 Monte Carlo trials. The angle of incidence was varied in steps of 10°. We used n ϭ 1.39 and k ϭ 0.34 as a reference [19] for the index of refraction.
ten images of a scene collected with the polarizer rotated in steps of 15°for each measurement. The interested reader is referred to Damarla [24] for additional details regarding the EORL polarimeter.
The target sample is mounted on a micrometerdriven rotation stage and the positioning of the source and the camera mounts is done with the aid of a large protractor device. The incidence and reflection angles can be set to a precision of approximately 1°or slightly better in the laboratory testbed. The target samples in our experiments include Styrofoam pieces coated with flat green paint and flat black paint as well as pieces of sandblasted copper and aluminum. The root-mean-square (rms) surface roughness of the samples was measured using a Surfcom 120A stylus profilometer to be 2.58 m for flat green paint, 4.92 m for copper, 2.99 m for flat black paint, and 3.3 m for aluminum. Thus, the rms surface roughness in all cases is greater than the wavelength of interest ͑650 nm͒, which satisfies the assumption made by the Torrance-Sparrow model [10] , which underlies the pBRDF model employed in our work. The DOP values needed for parameter estimation were computed by averaging at least 100 ϫ 100 pixels in the Stokes vector images.
The range of the angles of incidence and the angle step sizes are not the same for all the cases considered in our experiments. One of the reasons for this is the specular assumption inherent in our modeling procedure. The camera needs to be in a region where the specular component clearly dominates the diffuse reflection for the incident angles of interest. We could roughly identify this region as a relatively bright area of reflection centered about the mirror reflection angle. However, we were forced in some cases to adjust the incident angle range when the measured degree of polarization became relatively small, suggesting we were out of the specular reflection lobe. In addition, the sensitivity analysis suggests that we need five to ten measurements in order to obtain a reasonable estimate for the parameters of interest. Thus, the example results presented in this section involve several ranges of angles of incidence and step sizes. In general, we have used either 5°or 10°incident angle steps and have found that our sample materials produce usable specular patterns that extend over at least a 40°range. Table 5 shows the results for the green paint target. For clarity, we mention again that the angle of incidence refers to the angle between the source and the object surface normal while the reflection angle refers to the angle between the camera and the object surface normal. We observe that the estimates for the index of refraction values agree reasonably well with values published in literature [19] . More importantly, however, the extracted index of refraction values are The angle of incidence was varied in steps of 5°. We used n ϭ 0.4 and k ϭ 2.95 as a reference [19] for the index of refraction. The angle of incidence was varied in steps of 10°. We used n ϭ 1.405 and k ϭ 0.2289 as a reference [19] for the index of refraction. also largely invariant to the reflection angle over our measurement range. This is critical if the index is to be used for identifying and classifying materials based on their polarimetric signatures. In addition, we see that the reflection angle is recovered accurately for the various cases considered in our experiments. Figure 3 shows the DOP as a function of the angle of incidence for a reflection angle of 60°and illustrates the effectiveness of the LevenbergMaruquardt method for estimating the index of refraction for the green paint target. We observe that the DOP curve corresponding to the experimental data (labeled "Experiment") matches well with the DOP curve (labeled "Estimate") that was generated from the pBRDF model using the estimated index of refraction as the input parameter. We also include the DOP plot (labeled "Reference") generated from the pBRDF model using the published index of refraction value [19] for comparison. A similar trend is noted for experiments with the roughened copper piece as shown in Fig. 4 . Table 6 summarizes the result for the roughened copper piece. Table 7 shows the results for the black paint sample. In this case we observe that the estimated values for the index of refraction are appreciably higher than the values available in literature [19] . We note that the differences are not surprising as there are no standard index of refraction values that we are aware of for paints. Figure 5 also illustrates this difference where the reference DOP values are much larger than the measured values. However, the DOP curve obtained using the estimated index values falls very close to the measurements, which suggests consistency in our measurements and approach. In addition, Table 7 shows that the estimates obtained for the apparent index of refraction are still largely invariant to observational geometry, and we see that the reflection angles are estimated to a high degree of accuracy in this case as well. Table 8 shows the results for the case of the roughened aluminum piece. We see that, as with the black painted surface, the estimates do not agree with the reference index of refraction value [25] . Figure 6 shows the DOP values predicted by the model with the reference inputs significantly lower than the values measured in the laboratory. As a result, the estimates differ from the published index of refraction. The differences may be related to the surface characteristics of aluminum, which can vary depending on oxidation rates. We have noticed changes in the estimates over time, although we have not done a controlled study of this phenomenon. More importantly, the estimates obtained for the index of refraction are still reasonably invariant to observational geometry and the reflection angles are estimated to a high degree of accuracy in this case as well.
Conclusion
In this paper we present an iterative, model-based method to recover the complex index of refraction and the reflection angle of a specular object from multiple passive polarization measurements. The model is built on a physics-based polarimetric bidirectional reflectance distribution function and assumes that the position of the object is fixed while the position of the illumination source changes for each measurement. The parameters of interest are extracted using the Levenberg-Marquardt method. A computer The angle of incidence was varied in steps of 5°. We used n ϭ 1.24 and k ϭ 6.60 as a reference [25] for the index of refraction.
simulation-based sensitivity analysis suggests that the accuracy of the proposed method improves with an increasing number of measurements. Furthermore, experimental results with laboratory data indicate that the proposed estimation approach is highly effective and that the estimates for the index of refraction are largely invariant to the observational geometry for all the cases considered in our experiments.
Our work suggests that remote sensing tasks such as image segmentation, target detection͞classification, and material classification, which utilize the index of refraction as a discrimination feature, are reasonably robust to varying illumination conditions. The framework that underlies this estimation approach is quite general, although we have invoked several simplifying assumptions for the implementation described here. For a more practical application, our work needs to be extended to include out-of-plane scattering geometries and to consider volumetric scattering components. Other avenues of research to pursue are to study the effect of the signal-to-noise ratio (SNR) of input measurements on the estimation algorithm as well as to perform a sensitivity analysis where the number of measurements is varied over a fixed range of angles of incidence. For applications involving spatial discrimination and localization, the approach can be applied on a pixel-by-pixel basis.
